Abstract. We investigate the behaviour of Auslander-Reiten sequences of modules over a finite dimensional algebra over a field k under base field extension. It is proved that an Auslander-Reiten sequence splits into a direct sum of Auslander-Reiten sequences provided the extension is separable in the sense of MacLane.
Introduction
Throughout this paper R denotes a finite dimensional algebra over a field k and R (K) = R ⊗ k K, where k ⊆ K is a field extension. We investigate the behaviour of the functor (−) ⊗ k K : mod(R) −→ mod(R (K) ) (1.1) on almost split sequences and irreducible maps in the category mod(R) of right finitely generated R-modules. The main result is Theorem 3.8 asserting that after applying the functor (1.1) to a minimal almost split map in the category mod(R) we obtain a direct sum of minimal almost split maps in the category mod(R (K) ) if the extension k ⊆ K is separable in the sense of MacLane [4] , [3] . Using this result we obtain an alternative proof of the result of Jensen and Lenzing [4] , that the algebra R (K) is of finite representation type provided R is also and the extension k ⊆ K is MacLane separable.
In Section 4 we consider the following problem: determine components D of the Auslander-Reiten quiver of mod(R (K) ) such that if D contains a module defined over k, then all modules in D are also defined over k. We prove in Proposition 4.12 that stable and semi-stable infinite components containing a cycle of irreducible maps have the above property. We also make some observations of this kind in the case when the algebra R is hereditary.
Throughout this paper given any Artin algebra A (see [1] ) we denote by rad A the Jacobson radical of A and by A op the algebra opposite to A. All modules considered are right finitely generated. By mod(A) we denote the category of right finitely generated A-modules. Given an A-module X we denote by rad X and soc X the radical and the socle of X respectively. By Γ A we denote the Auslander-Reiten ) if a is the multiplicity of X as a direct summand in the domain E of the minimal right almost split morphism E → Y and b is the multiplicity of Y as a direct summand in the codomain E of the minimal left almost split morphism X → E . For further notation related with Auslander-Reiten quiver and almost split sequences we refer to [1] .
Following [6] we denote by s Γ A (resp. l Γ A , r Γ A ) the stable (resp. left stable, right stable) part of Γ A obtained by removing τ A -orbits of projective and injective modules (resp. projective modules, injective modules). A connected component of If C is a connected subquiver of Γ A and X and Y are vertices of C, then the distance from X to Y in C is by the definition the minimal length dist C (X, Y ) of a (non-oriented) path in C connecting X with Y . The distance is zero if and only
Let k ⊆ K be an arbitrary field extension. Given an embedding u : X → Y of k-vector spaces we shall identify X ⊗ k K with the image of u ⊗ K. For simplicity we shall write
If X has an additional structure of an algebra or a module, then X (K) has the structure induced by the structure of X.
Preliminary facts
In this section we collect some observations concerning the behaviour of the category mod(R) under the action of the functor (1.1). Note that this functor is exact. We shall say that an
The proof is obvious.
Lemma 2.2. (a) For any R-modules X, Y and i ≥ 0 the canonical homomorphism
is an isomorphism. The isomorphisms are natural with respect to homomorphisms
b) For any right R-module X and left R-module Y and i ≥ 0 the canonical homomorphism
Proof. (a) The statement follows easily for X = R and then for X projective. If X is arbitrary, consider the projective resolution
of X. By applying to P * the functor (−)⊗ k K we obtain by Lemma 2.1 a projective resolution of
The proof of (b) is analogous.
op and for any R-module X there exists a natural isomorphism
The proof is routine.
The following corollary is a direct consequence of Lemmata 2.3 and 2.1.
for some injective R-module E.
and
Proof. (a) The "only" part is obvious. For the proof of the converse implication we assume that X (K) and Y (K) have a common nonzero direct summand. It follows that there exist
g j ⊗µ j . We treat the canonical isomorphisms from Lemma 2.2 as identities.
Since this is a nonzero idempotent and the ring End R (X) is local, it follows that for some i, j the homomorphism g j f i is invertible in End R (X). Thus X is a direct summand of Y . Statement (b) follows directly from (a).
Comparing the lengths of X and Y we obtain X ∼ = Y and X 2 = 0, a contradiction.
MacLane separable extensions and almost split sequences
A crucial role in our considerations will be played by field extensions separable in the sense of MacLane; see Definition 3.1 below. The significance of this class of extensions for the representation theory of algebras was observed in [4] . 
is bijective.
Here k 
Lemma 3.2. If k ⊆ K is a MacLane separable field extension and A is a semisim-
Proof. The assertion follows from a result of Jensen and Lenzing [4] that the global dimension of a k-algebra is preserved under a MacLane separable extension of the base field k. However for convenience of the reader we present an alternative proof of semisimplicity of A (K) which does not use model theoretical arguments. It is enough to prove the assertion in the case of A being a division algebra. If A is a field, then by [3, Chapter IV, Theorem 23] we know that A (K) has no nonzero nilpotent elements. Since
If A is not a field, then by [2, Theorem 4.
An immediate consequence of the above lemma is the following fact.
Proof. Statement (a) follows immediately since rad R and consequently (rad R) (K) are nilpotent ideals in R and R (K) respectively. To prove (b) it is enough to observe that it follows from Lemma 3.2 that the algebra
Remark 3.4. The assumption that k ⊆ K is MacLane separable is essential. Consider the following example from [3] . Let k be a field of characteristic 2 containing an element t being not a square of an element of k.
where s is the residue class of the variable S. Hence it is not semisimple.
Proof. The proof of (a) follows from the well-known fact that for a finitely generated module X over a finite dimensional algebra R we have rad X = Xrad R. Statement (b) follows dually whereas (c) and (d) are direct consequences of (a), (b), Lemma 2.1 and Corollary 2.4.
It follows immediately from the above corollary that if
is a minimal projective presentation of X in mod(R), then the induced sequence
). This observation together with Lemmata 2.1, 2.2 and 2.3 yields the following corollary.
Now we turn to the main question of this section. We shall deal with almost split sequences in mod(R) and apply the functor (1.1) to them. Let us precede the main theorem by the following lemma. 
is isomorphic to the direct sum of Auslander-Reiten sequences
Proof. Assume first that Y is projective and not simple. Then the embedding rad Y → Y is the minimal right almost split morphism. Thus the assertion follows by Corollary 3.5 (a). In case of a minimal left almost split morphism starting from an injective non-simple module X we proceed dually. Now consider the case of Y non-projective and let
be the Auslander-Reiten sequence ending at Y . Consider the induced sequence
It is well known (see [ 
and the sequence e (K) is represented by an element ε ∈ S . Fix a decomposition
Next assume that Z i Z j . We show that S ij = 0. Take an arbitrary element η ij of S ij representing an exact sequence
If this sequence does not split, then there is a commutative diagram
where the first row is an Auslander-Reiten sequence. Since the homomorphism g is not an isomorphism, it follows that η ij is not annihilated by rad End R (K) (Y (K) ) from the right and thus η ij / ∈ S ij . Moreover it follows from [1, Proposition 2.2] that if Z i ∼ = Z j , then S ij coincides with the two-sided socle S ij of the End
. This bimodule is simple as a left End R (K) (τ R (K) Z j )-module and as a right End R (K) (Z i )-module and its nonzero elements represent almost split sequences
Since, as we have shown, S ij = 0 if Z i Z j , without loss of generality we may assume that Z 1 ∼ = ... ∼ = Z n . Then our claim follows from Lemma 3.7.
We have just proved that the sequence
is isomorphic to the direct sum of exact sequences
represented by elements η ii ∈ S ii for i = 1, ..., n.
Assume that some η ii is zero. It means that Z i is a direct summand of F i and since
It follows that all elements η ii are nonzero and they correspond to almost split sequences in mod(R (K) ) (see [12, Theorem 11 .27]).
Applications to irreducible morphisms and Auslander-Reiten sequences
Lemma 4.1. Assume that the field extension k ⊆ K is MacLane separable. Assume that X is an R-module and
is a decomposition into indecomposable direct summands. If there exists an irreducible morphism
X i → Z (resp. Z → X i ) in mod(R (K) )
and Z is indecomposable, then there exist an indecomposable R-module Y and an irreducible morphism
Proof. If there exists an irreducible morphism X i → Z in mod(R (K) ), then X i is not simple injective and hence by Corollaries 2.5 and 3.5(b) X is neither. Moreover it follows from Theorem 3.8 that Z is a direct summand of E (K) , where E is a codomain of the minimal left almost split morphism X → E in mod(R). We take for Y an indecomposable direct summand of E such that Z is a direct summand of Y (K) . In case of an irreducible morphism Z → X i the proof is analogous. valuation (a, b) . Consider the right almost split morphism
Proposition 4.2. Assume that the field extension k ⊆ K is MacLane separable. Let X, Y be indecomposable R-modules and let
where X has no direct summand isomorphic to X. By Theorem 3.8 the induced homomorphism (
splits into a direct sum of minimal right almost split morphisms Z j → Y j for j = 1, ..., s and since each X i is a direct summand of some Z j the condition (b) in (1) follows. We have just shown the implication (a)⇒(b). Moreover, calculating multiplicities of X i and Y j in the direct sum decompositions of (
and Y (K) we easily obtain the first equality in the statement (2) . Observe that the module X (K) has no direct summand isomorphic to X i by Lemma 2.5. The implication (d) ⇒ (a) follows from Lemma 4.1 and 2.5(a). The remaining implications in (1) as well as the second equality in (2) can be proved analogously. (1) If X belongs to C and
Proof. For {D s } s∈S we take the family of those connected components of Γ R (K) which contain at least one direct summand of the module Y (K) for a module Y in C.
( The assertion (2) follows directly from Lemma 4.1.
By Lemmata 2.1, 2.5 and Corollaries 2.4, 3.6 an indecomposable R-module X belongs to a τ R -orbit of a projective (resp. injective) R-module if and only if each indecomposable direct summand of X (K) belongs to a τ R (K) -orbit of a projective (resp. injective) R (K) -module. Hence the Proposition 4.4 is also valid for a stable (resp. semi-stable) component C of Γ R . for some indecomposable R-module X.
Proof. The quiver Γ R has only finite components. It follows by Lemma 2.1 and 
The valuations of the arrows are marked at the above figure. By P (i) (resp. E(i)) we denote the indecomposable projective (resp. injective) R-module corresponding to the idempotent matrix e i having 1 at the (i, i)-th place and zeros elsewhere.
The algebra R (C) is isomorphic to
 and the Auslander-Reiten quiver Γ R C has the following form:
Here P (i) (resp. E (i)) denotes the i-th indecomposable projective (resp. injective) R (C) -module. 
The algebra
, where s is an element of K such that s 2 = t. Hence the Auslander-Reiten quiver of R (K) has the following form:
Observe that not each module in this quiver is defined over k. Recall (see e.g. [10] ) that an R-module is exceptional if it is indecomposable and has no selfextensions. Proof. Without loss of generality we may assume that D is regular. By results of Ringel [10] , see also [11] , we know that an exceptional module is defined over the prime subfield F of K. Since prime fields are perfect, the extension F ⊆ K is MacLane separable and our claim follows by Lemma 4.10.
We finish with a proposition describing a class of stable and semi-stable components of Γ R (K) having the similar property as connected components of the Auslander-Reiten quiver of a hereditary algebra. 
Now by results of S. Liu (see [7] , [6] ) each arrow in C has trivial valuation and hence by Proposition 4.8 each module in D is defined over k.
We finish the paper with the remark about the case of an algebraic separable extension k ⊆ K. Proof. The proof follows [4] . Take an R (K) -module Y . We shall prove that Y is a direct summand of a module defined over k. The module Y is defined over a finite extension of k; hence we can assume that the extension k ⊆ K is finite separable. Then the K-K-bimodule K ⊗ k K is semisimple and the trivial K-K-bimodule K is a direct summand of K ⊗ k K. The module Y has a natural structure of an R-module. The module Y ⊗ k K ∼ = Y ⊗ K K ⊗ k K which is defined over k contains Y as a direct summand.
The remaining statement follows now from Proposition 4.4.
